We characterize when a convex risk measure associated to a lawinvariant acceptance set in ∞ can be extended to , 1 ≤ < ∞, preserving niteness and continuity. This problem is strongly connected to the statistical robustness of the corresponding risk measures. Special attention is paid to concrete examples including risk measures based on expected utility, max-correlation risk measures, and distortion risk measures.
Introduction
The objective of this paper is to complement the paper [10] by Filipović and Svindland. The main result in that paper is Theorem 2.2 and states that every convex, law-invariant, lower semicontinuous map :
∞ → ℝ ∪ {∞} can be uniquely extended to a map on 1 satisfying the same properties. In this sense, 1 can be viewed as the canonical space for this type of maps. The results in [10] are presented in the context of a standard probability space but can be extended to a nonatomic setting as shown by Svindland [19] . In [10] , Filipović and Svindland are mostly concerned with the application of their results in the context of cash-additive risk measures. It is well known that any cash-additive risk measure on ∞ is automatically nite-valued and (Lipschitz)
continuous. It is also well known that cash-additive risk measures on , 1 ≤ < ∞, need not be either nite-valued or continuous. Consequently, the following two questions arise in a natural way: When does a cash-additive risk measure on ∞ admit a nite-valued, continuous extension to for a given 1 ≤ < ∞, and, which is the "largest" space for which such an extension exists? These questions turn out to be also intimately related to the statistical robustness for risk measures as pointed out and discussed by Krätschmer, Schied and Zähle [16] in the context of convex, law-invariant, cash-additive risk measures.
We provide a full answer to the two preceding questions, characterizing those convex, law-invariant, cash-additive risk measures de ned on ∞ that can be extended to spaces preserving niteness and continuity. In fact, our main result provides a characterization in the more general setting of risk measures -not necessarily cash additive -that was studied by Farkas, Koch-Medina and Munari [8] .
More precisely, we show that the existence of nite, continuous extensions depends on the properties of the underlying acceptance sets. Note that our main extension result, i.e. Theorem 3.1, can be seen as a generalization to abstract spaces of [16, Theorem 2.10 ] obtained for convex, law-invariant, cash-additive risk measures on Orlicz hearts. We pay special attention to several concrete examples, including risk measures based on expected utility, max-correlation risk measures, and distortion risk measures. These examples show that, if niteness and continuity are to be preserved, the "canonical" model space for convex, law-invariant risk measures is not always 1 but can be any space , 1 ≤ ≤ ∞. In particular,
there are (even cash-additive) risk measures that cannot be extended beyond ∞ maintaining niteness and continuity. The link with the index of qualitative robustness proposed in [16] highlights the practical relevance of our results and our examples. Indeed, when risk measures are implemented to de ne capital adequacy requirements for nancial institutions, or margin requirements for the participants of a central exchange, their statistical robustness is crucial to guarantee that the corresponding capital requirements are stable with respect to small changes in the distributions of the underlying positions. In this respect, our examples can be seen to be complementary to [16] . Finally, we point out that the extension problem for risk measures was addressed from a di erent angle by Pichler [17] .
Preliminaries
Let X be an ordered topological vector space over ℝ with positive cone X + and topological dual X ὔ . The space X represents the set of all possible capital positions -assets net of liabilities -of nancial institutions at a xed future date = .
We assume A ⊂ X is an acceptance set, i.e., a nonempty, proper subset of X satisfying A + X + ⊂ A . We interpret the elements of A as those capital positions which are deemed acceptable by an external or internal "regulator". Moreover, let = ( 0 , ) represent a traded asset with price 0 > 0 at time = 0 and nonzero, terminal payo ∈ X + at time = . The risk measure associated to A and is the map A , : X → ℝ de ned by
For a position ∈ X , the quantity A , ( ) represents the "minimum" amount of capital that needs to be raised and invested in the asset to guarantee acceptability. Clearly, a negative A , ( ) implies that capital is returned to shareholders. The motivation for studying this type of risk measures is discussed in detail in [8] , where general results on niteness and continuity are also provided. We are particularly interested in the case where X is the Banach space , 1 ≤ ≤ ∞, de ned over a probability space (Ω, F, ℙ), which we assume to be nonatomic. The corresponding norm is denoted by ‖⋅‖ . The space becomes a Banach lattice when additionally equipped with the canonical order structure, i.e., ≥ whenever this inequality holds almost surely. The conjugate of will be denoted by ὔ , i.e. we set ὔ := 1− .
When X = for some 1 ≤ ≤ ∞, we can consider risk measures A , with respect to the cash asset = (1, 1 Ω ). These risk measures are called cash additive. We refer to [11] for a comprehensive treatment when = ∞. For cash-additive risk measures, we simply write for ∈ A ( ) := A , ( ) = inf ∈ ℝ; + ∈ A .
Note that our general setting also allows for a traded asset = ( 0 , ) with an arbitrary, positive, random payo . Hence, we can also cover situations were no risk-free security exists, as discussed in [8] .
The general extension theorem
In this section we provide the key extension result for risk measures of the form A , . Although our main interest lies in convex risk measures on spaces, to highlight the underlying structure of this result we rst study extension theorems in the setting of abstract ordered topological vector spaces. Throughout this section L and S will denote two ordered topological vector spaces over ℝ with respective positive cones L + and S + . We assume that S is a dense subspace of L .
Hence, in addition to its own topology, the space S can be equipped with the relative topology induced by L , which we call the L -topology. Moreover, since every functional on L can be restricted to a functional on S , we may also consider the weak topology (S , L ὔ ) on S where, by abuse of notation, we do not distinguish between functionals on L and their restrictions to S . In the next section we will take L = , for some 1 ≤ < ∞, and S = ∞ .
The following theorem is our main result. For a subset A ⊂ L , we denote by cl L (A ) the closure of A with respect to the topology on L . Before proving Theorem 3.1, it is useful to collect some auxiliary results.
Dual representations and continuity. Let X be an ordered topological vector space over ℝ with positive cone X + and topological dual X ὔ . By X ὔ + we denote the set of all functionals ∈ X ὔ satisfying ( ) ≥ 0 for every ∈ X + . We start by stating a dual representation result for convex risk measures of the form A , in a version that is convenient for our purposes. The (lower) support function of a subset A ⊂ X is the map
The set
is called the barrier cone of A . Clearly, the support function of a set A ⊂ X always coincides with the support function of its closure. The dual representation in [9] can be speci ed in the following way for risk measures of the form A , . Remark 3.4. Later we will apply this result to the situation where X is either L , equipped with its own topology, or S , equipped with the (S , L ὔ ) topology.
Since both of these spaces have the same dual L ὔ , we see that for a subset
where A is applied to the restriction of ∈ L ὔ to S . In particular, the intersec- Let (b) hold so that A , is continuous at 0 with respect to the L -topology. Since A , is nite at 0, Lemma 3.5 implies that A must have nonempty interior with respect to the L -topology, hence (c) holds. Now, assume that (c) holds so that A has nonempty interior with respect to the L -topology. As a result, we nd an open subset U of L such that U ∩S ⊂ A . Since S is dense in L and U is open in L , we have that U ∩ S is nonempty and 
) is nonempty by Remark 3.4, so that we can apply Lemma 3.3 once again to obtain
, is nite-valued and continuous.
Indeed, note rst that, again by Lemma 3.3, the map cl L (A ), cannot take the value −∞. Consider now the convex set
Since cl L (A ) ⊂ D, the interior of D is nonempty. Now, assume there exists ∈ L \ D. In this case, by a standard separation argument we nd a nonzero ∈ L ὔ such that ( ) ≤ ( ) for every ∈ D. Since A , is nite-valued, the set D contains the subspace S . As a consequence, must annihilate S and therefore, by density, the whole of L . This is not possible since was nonzero. Hence,
, is nite-valued and, by Lemma 3.5, continuous on L . It follows that (d) implies (a).
We conclude the proof of Theorem 3.1 by observing that any continuous extension of A , must be unique because S is dense in L .
Extension of risk measures on spaces
We now apply Theorem 3.1 to risk measures of the form A , on spaces when the underlying acceptance set A is convex and law-invariant. Recall that a set A ⊂ is called law-invariant if ∈ A whenever ∼ for some ∈ A . Here, we write ∼ to indicate that and have the same law. Similarly, a map : → ℝ is said to be law-invariant if ( ) = ( ) whenever ∼ . 
It is immediate to see that the risk measure A , is also law-invariant whenever the payo is deterministic. In particular, the cash-additive risk measure A is always law-invariant if A is law-invariant. However, this need not be the case if is genuinely random, as illustrated by the following important example.
(i) The Value-at-Risk and Tail Value-at-Risk of ∈ ∞ at the level 0 < < 1 are de ned, respectively, by
As is well known (see, e.g., [11] ), both are law-invariant, cash-additive risk measures. Moreover, TVaR is always coherent while VaR is not convex in general. In particular, we can consider the law-invariant acceptance set based on Tail Valueat-Risk at level A := ∈ ∞ ; TVaR ( ) ≤ 0 .
We claim that A , is never law-invariant unless is deterministic, in which case
A , is just a multiple of TVaR . To see this, assume is not deterministic so that there exist 2 > 1 > 0 for which ℙ( ≤ 1 ) > 0 and ℙ( ≥ 2 ) > 0. Since (Ω, F, ℙ) is nonatomic, we can nd measurable sets ⊂ { ≤ 1 } and ⊂ { ≥ 2 } satisfying ℙ( ) = ℙ( ) = with 0 < < 1 − . Set now = ( ∪ ) and note that ℙ( ) = 1 − 2 . For − 2 < < − 1 we de ne := 1 − 1 and := 1 − 1 .
Then clearly ∼ . We now show that
A , is not law-invariant. Indeed, note rst that + ≥ 0 so that A , ( ) ≤ 0 . Now take < 0. (ii) Sometimes A , is law-invariant even if is not deterministic. For example, consider the law-invariant acceptance set
for any ∈ ∞ , the risk measure A , is law-invariant regardless of the choice of the traded asset .
The following result provides a general extension result for risk measures associated to convex, law-invariant acceptance sets. If A ⊂ ∞ , we denote by cl (A ) the closure of A in , 1 ≤ < ∞. Note that every nite-valued risk measure 
However, the niteness of A , on ∞ does depend on the interplay between the acceptance set and the traded asset, as illustrated by our next examples and extensively documented in [8] .
Qualitative robustness
In this section we recall the notion of qualitative robustness introduced by Krätschmer, Schied and Zähle in [15] and we discuss the link with our previous results. Consider a law-invariant acceptance set A ⊂ ∞ and its associated cashadditive risk measure A which is, then, also law-invariant. If we denote by ℙ the law of , i.e. ℙ ( ) := ℙ( ∈ ) for all Borel sets ⊂ ℝ, and set
we can de ne a functional
The capital position of a nancial institution is often estimated through a sequence of historical observations 1 , . . . , ∈ ℝ, and the quantity R A ( ), where denotes the empirical distribution of these observations, is used as a natural proxy for A ( ). The importance of the robustness properties of the operator R A was discussed in detail by Cont, Deguest and Scandolo in [4] . Based on that paper, a re ned notion of qualitative robustness has been recently proposed in [15] and further studied in [16] .
Let M denote the set of (Borel) probability measures over ℝ. To any ∈ M which is not a Dirac measure, we can associate a nonatomic probability space (Ω , F , ℙ ) supporting a sequence ( ) of i.i.d. random variables having as their common law, see for instance [5, Section 11.4] . For ∈ ℕ, the empirical distribution of 1 , . . . , is the map : Ω → M ∞ de ned by
where ( ) denotes the standard Dirac measure associated to the singleton { ( )}. Moreover, we can consider the random variable R A ( ) given by
The following notion of qualitative robustness is a generalization of the classical notion introduced by Hampel in [12] . 
for ∈ N and ≥ 0 , where denotes the usual Prohorov metric over M.
Hence, if R A is -robust on M ∞ , then a suitable small change in the law of the data entails an arbitrarily small change in the law of the corresponding estimators.
Remark 5.2.
As discussed in [15, 16] , the choice to add an additional term to the Prohorov metric in (5.1), as opposed to the classical framework developed by Hampel in [12] , has the main advantage of making R A ( ) sensitive to the tail behavior of . Indeed, under the Prohorov metric, or equivalently under any metric inducing the weak topology on M, like the Lévy metric, two distributions and may possess a di erent tail behavior but be rather close in metric terms. 
.
In the nal sections we compute the index of niteness of several risk measures. As a consequence of the above theorem, these examples turn out to be important also from the perspective of qualitative robustness. The straightforward speci cation of the corresponding index of qualitative robustness is left to the reader.
Risk measures based on utility functions
In this section we analyze the index of niteness of risk measures based on expected utility. Note that, even though such risk measures are treated in [16] , no results concerning their statistical robustness are proved there.
Recall that a nonconstant function : ℝ → ℝ ∪ {−∞} is said to be a utility function if is increasing and concave. This implies that is unbounded from below. In the sequel, we assume that denotes a utility function which is bounded from above.
For every 1 ≤ ≤ ∞ and a level ∈ ℝ we set
Clearly, this set is nonempty if and only if ( ) ≥ for some ∈ ℝ, which we assume from now on. Moreover, in that case, A is a convex, law-invariant acceptance set.
We start by providing a characterization of when risk measures of the form Proof. First, we show that A ∞ , never takes the value −∞. To this end, x ∈ ∞ and > 0 such that ℙ( ≥ ) > 0. Then, since is unbounded from below, we can always nd > 0 su ciently large to yield
This implies − ∉ A ∞ and, hence, A ∞ , ( ) > −∞.
To prove (i), assume rst that (a) holds so that A ∞ , (− 1 Ω ) < ∞ for any > 0. As a result, for every > 0 there exists > 0 such that
Since is unbounded from below, this is only possible if ℙ( = 0) = 0, proving (b). Now assume (b) holds and take ∈ ∞ . Since ( ) > for some ∈ ℝ and ℙ( = 0) = 0, we can nd > 0 su ciently small to obtain holds, concluding the proof.
To study extension properties of risk measures based on expected utility, we rst need to investigate the topological structure of the corresponding acceptance sets. Hence, in every neighborhood of there exists some element which does not belong to A . Since was arbitrary, this implies A has empty interior.
(ii) Take ∈ A ∩ ∞ so that (‖ ‖ ∞ ) ≥ [ ( )] ≥ , and x > 0. It is easy to see that by assumption we can nd a su ciently large > 0 such that
As a consequence, taking ∈ (0, 1) with
we obtain < and
Since (Ω, F, ℙ) is nonatomic, ℙ( ) = for a suitable ∈ F. Now, consider the random variable := ( − )1 + 1 . Clearly, ‖ − ‖ = ℙ( ) < . Moreover, as a consequence of (6.1), we obtain
This implies that is not an interior point of A . As a result, by the density of ∞ in we can conclude that A has empty interior.
The next corollary follows immediately from the discussion preceding Lemma 6.3. Remark 6.5. As an example of a utility function attaining the value −∞ we can consider a capped log-utility of the form
for xed constants > 0 and = log(1 + ).
In view of Corollary 6.4 we assume for the rest of this section that is nite-valued and ( ) > for some ∈ ℝ. Under this assumption, we can re ne Theorem 4.3 as follows. (ii) Let = ( 0 , ) be a traded asset with Proof. By virtue of Theorem 4.3 it is enough to show part (i). To this end, since A is closed by Lemma 6.2, we only need to prove that any element ∈ A is the limit in of a suitable sequence ( ) of elements in A ∞ . Now, take ∈ A .
Since there exists ∈ ℝ such that ( ) > , we can nd ∈ with [ ( )] > . Then, setting := + (1 − ) for ∈ (0, 1), the concavity of yields
Since → in as → 1, this shows we may assume that [ ( )] > without loss of generality. Now, assume is bounded from below almost surely, and set
Since is bounded from above, we have [ ( 1 { > } )] → 0 as → ∞ by dominated convergence, hence [ ( )] > for large enough ∈ ℕ. In particular, we eventually have
Finally, assume is not bounded from below almost surely and de ne for each ∈ ℕ the random variable
> for all ∈ ℕ by the monotonicity of . Since every is bounded from below almost surely, we can rely on the previous argument and conclude that ∈ cl (A ∞ ) for any ∈ ℕ so that ∈ cl (A ∞ ). Proof. For any 1 ≤ < ∞ we have
Hence, Lemma 6.3 implies that the interior of A is empty, thus A ∞ , does not admit any nite-valued, continuous extension to by Theorem 6.6.
Flat power utility.
We now show that we can nd convex risk measures on ∞ whose index of niteness is equal to any prescribed number 1 ≤ < ∞. To this e ect recall that the at power utility function is de ned by Proof. First, note that
Since we assumed that ( ) > for some ∈ ℝ, this implies < 0 in the present case.
For ≥ the map : → ℝ de ned by
is easily seen to be continuous. Since A contains the nonempty, open set −1 (( , ∞)), it must have nonempty interior, hence n( A ∞ , ) ≤ by Theorem 6.6.
In particular, note that A ∞ , can be extended to a nite-valued, continuous risk measure on . If < , then it is immediate to see that
Consequently, the interior of A is empty by Lemma 6.3, hence n( A ∞ , ) ≥ as a consequence of Theorem 6.6. In conclusion, n( A ∞ , ) = and the index is attained.
An example of a non-HARA utility. In this section we focus on the utility function
for xed parameters > 0 and ≥ 0, and = 1 (1 + − 1 + 2 2 ). 
Since is concave and increasing, it is continuous by [1, Theorem 1] . As a result, A 1 has nonempty interior because it contains the nonempty, open set −1 (( , ∞)). In conclusion, Theorem 6.6 implies that n( A ∞ , ) = 1 and the index is clearly attained.
Max-correlation risk measures
In this section we provide a characterization of the index of niteness for the socalled max-correlation risk measure introduced by Rüschendorf in [18] and studied by Ekeland and Schachermayer in [7] and by Ekeland, Galichon and Henry in [6] .
Consider a probability measure ℚ on (Ω, F) that is absolutely continuous with respect to ℙ. Assume that 1 ≤ ≤ ∞ is such that As a consequence of [3, Theorem 13 .4], we have the equivalent (and more common) formulation
The acceptance set associated with ℚ, is given by
Clearly, A ℚ is law-invariant and coherent, i.e. a convex cone. 
so that ℚ, is nite-valued on . Moreover, for any , ∈ we have ℚ, ( ) ≤ ℚ, ( − ) + ℚ, ( ) by subadditivity and, consequently,
It follows that ℚ, is Lipschitz-continuous on .
We now characterize for which 1 ≤ < ∞ the risk measure ℚ,∞ admits a nitevalued, continuous extension to . Remark 7.5. It is known that the max-correlation risk measure is a distortion risk measure, see, e.g., [18, Remark 2.6] . Therefore, an alternative strategy to prove Corollary 7.4 would be to use the results in the next section. However, the above proof is more direct and simpler.
Distortion risk measures
In this section we rely on the results for cash-additive distortion risk measures obtained in [16] and derive the corresponding index of niteness for general risk measures which need not be cash-additive. We refer to [11, Section 4.6] for more details about this type of risk measures. As it is well known, is a coherent, law-invariant, cash-additive risk measure, hence the corresponding acceptance set A := ∈ ∞ ; ( ) ≤ 0 is law-invariant and coherent. First, we characterize when general risk measures associated to the acceptance set A are nite-valued on ∞ . A direct computation shows that n( A , ) = and that the index is not attained. Similarly, the MINVAR risk measure corresponds to ( ) = 1 − (1 − ) for ∈ [0, 1] and ≥ 1.
In this case, n( A , ) = 1 and the index is attained. The MAXMINVAR risk measure is associated to the distortion Then it is immediate to see that n( A , ) = 1 and that the index is attained.
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